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ABEL SUMMATION OF RAMANUJAN-FOURIER SERIES
JOHN WASHBURN
Abstract. The main result of this paper is:
Given two arithmetic functions, f(n) and g(n), having point-wise conver-
gent Ramanujan-Fourier (R-F) expansions of:
f(n) =
∞∑
q=1
aqcq(n) and g(n) =
∞∑
q=1
bqcq(n)
and there exist two finite bounds (not necessarily distinct), Kf and Kg, such
that for all q ≥ 1 and all n ≥ 1, aq and bq , are bounded by:
|aqφ (q)| ≤ Kf and |bqφ (q)| ≤ Kg
where φ (q) is the Euler totient function.
Then:
(1) lim
N→∞
1
N
N∑
n=1
f(n)g(n±m) is Abel summable to
∞∑
q=1
aqbqcq(m)
When applied to the auto-correlation function of an arithmetic function,
f(n), the result is the Wiener-Khichtine theorem as applied to Ramanujan-
Fourier series. Namely:
(2) lim
N→∞
1
N
N∑
n=1
f (n) f (n±m) =
∞∑
q=1
‖aq‖
2cq(m)
Equation (2) is the the central relationship to be proved in within the works
of H. G. Gadiyar and R. Padma, [4], [5], [6], and [7], as related to the following
conjectures in number theory:
(1) The Hardy-Littlewood prime k-tuple conjecture for k=2.
(2) The twinned prime conjecture.
(3) The Sophie Germaine primes conjecture.
While the statement in (1) is weaker than (2), it is powerful evidence sup-
porting the conjecture by H. G. Gadiyar and R. Padma that (2) is true.
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1. Introduction
One of the remarkable achievements of Ramanujan[1], Hardy[2] and Carmichael[3]
was the development of Ramanujan-Fourier series which converge (point-wise) to
an arithmetic function. The Ramanujan-Fourier series, for an arithmetic function,
f(n), can given by
f(n) =
∞∑
q=1
aqcq(n)
where the Ramanujan sum, cq(n), is defined as
cq(n) =
q∑
k=1
(k,q)=1
e2πi
k
q
n
and (k, q) is the greatest common divisor of k and q. The Ramanujan-Fourier
coefficient, aq, is given by:
aq =
1
φ(q)
lim
N→∞
N∑
n=1
f(n)cq(n)
where φ(q) is the Euler totient function.
Some of the properties of cq(n) and the mean value of cq(n) are:
a)
c1(n) = 1 for all n.
b)
cq(0) = φ(q) for all q > 1.
c)
cq(n) =
{
φ(q) q | n
−1 q 6| n
d)
|cq(n)| ≤ |φ(q)| ∀n, q ≥ 1
e)
cq(n) = cq(−n) for all q and all n.
f)
lim
N→∞
N∑
n=1
cq(n) =
{
1 q = 1
0 otherwise
g)
lim
N→∞
N∑
n=1
cq1(n)cq2 (n±m) =
{
cq1(m) q1 = q2
0 q1 6= q2
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2. Definitions and Notation
This paper has the following notational conventions:
• n is a positive integer.
• x is real.
• p is an arbitrary prime.
• q is a positive integer unless the context clearly indicates otherwise.
• z is a real within the open interval: 0 < z < 1.
Definition 1. For all integers n ∈ Z, the classical (integer) Ramanujan sum,
cq (n), is defined as:
cq (n) =
q∑
k=1
(k,q)=1
e2π
k
q
n
or equivalently as:
cq (n) =


1 q = 1
(−1)
n
q = 2
2
⌊ q
2
⌋∑
k=1
(k,q)=1
cos
(
2π k
q
n
)
q ≥ 3
Definition 2. The Ramanujan sums can be extended to the reals by defining, cq (x),
as:
cq (x) =


1 q = 0
cos (2πx) q = 1
cos (πx) q = 2
2
⌊ q
2
⌋∑
k=1
(k,q)=1
cos
(
2π k
q
x
)
q ≥ 3
Corollary 3. A corollary of Definition 2 is
cq(x) = cq(n)
for all q ≥ 1 and x ∈ Z
Definition 4. Given an arithmetic function, f(n), with a point-wise convergent
Ramanujan-Fourier (R-F) expansion of:
f(n) =
∞∑
q=1
aqcq(n)
then the related functions, f(z, n) and f (z, x), are the Ramanujan expansion power
series and are given by:
f(z, n)
def
=
∞∑
q=1
aqz
qcq(n)
f (z, x)
def
=
∞∑
q=1
aqz
qcq(x)
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Definition 5. Given a Ramanujan expansion power series of:
f(z, n) =
∞∑
q=1
aqz
qcq(n)
or
f (z, x) =
∞∑
q=1
aqz
qcq(x)
then the partial summation of the Ramanujan expansion power series for the first
Q terms is given by:
fQ (z, n)
def
=
Q∑
q=1
aqz
qcq(n)
fQ (z, x)
def
=
Q∑
q=1
aqz
qcq(x)
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Theorem 6 (Uniform Convergence). Given an Ramanujan expansion series, f (z, x),
with an R-F expansion of
f (z, x) =
∞∑
q=1
aqz
qcq(x)
where,
• for all q ≥ 1, and
• for all x ∈ R, and
• for some finite bound, Kf , and
• φ(q) is the Euler totient function
the R-F coefficients, aq, are bounded by:
|aqφ(q)| ≤ Kf
Then, the sequence of partial summations, fQ(z, x), converges uniformly in x to
f (z, x) as Q→∞.
Proof.
(3) f (z, x) =
∞∑
q=1
aqz
qcq(x)
(4) f (z, x) =
Q∑
q=1
aqz
qcq(x) +
∞∑
q=Q+1
aqz
qcq(x)
(5) f (z, x)−
Q∑
q=1
aqz
qcq(x) =
∞∑
q=Q+1
aqz
qcq(x)
(6) |f (z, x)− fQ (z, x)| ≤
∣∣∣∣∣∣
∞∑
q=Q+1
aqz
qcq(x)
∣∣∣∣∣∣
(7) |f (z, x)− fQ (z, x)| ≤
∞∑
q=Q+1
|aqcq(x)| |z
q|
Since |aqcq(x)| ≤ Kf and 0 < z (7) becomes:
(8) |f (z, x)− fQ (z, x)| ≤Mf
∞∑
q=Q+1
zq
(9) |f (z, x)− fQ (z, x)| ≤Mf
(
zQ+1
1− z
)
(10) |f (z, x)− fQ (z, x)| ≤ z
Q
(
zMf
1− z
)
6 JOHN WASHBURN
Since, 0 < z < 1, the right hand side of the (10) forms a strictly decreasing
sequence in Q such that:
zQ+N
(
zMf
1− z
)
< zQ+N−1
(
zMf
1− z
)
· · · < zQ+2
(
zMf
1− z
)
< zQ+1
(
zMf
1− z
)
< zQ
(
zMf
1− z
)
for all integers N ≥ 0.
Thus, for any fixed z in the interval: 0 < z < 1, and for any 0 < ǫ, it is possible
to select a value, Qz (ǫ), such that
zQ
(
Mf
z
1− z
)
≤ ǫ
for all Q ≥ Qz (ǫ).
Since the selection of Qz (ǫ) depends only on z and does not depend on x, the
sequence of functions, fQ (z, x), converges uniformly to f (z, x) in x ∈ R to the
Ramanujan expansion power series, f (z, x) for every fixed z on the interval 0 <
z < 1. 
Corollary 7. A corollary to Theorem 6 is for any fixed z within the open interval,
0 < z < 1, the sequence of functions, fQ (z, x), converges uniformly to f (z, n) for
all n ∈ Z
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3. Proof of Theorem 8
Theorem 8 (Abel Summability). Given two arithmetic functions, f(n) and g(n),
with point-wise convergent Ramanujan-Fourier expansions of:
f(n) =
∞∑
q=1
aqcq(n) and g(n) =
∞∑
q=1
bqcq(n)
where,
• for all q ≥ 1, and
• for all x ∈ R,
• for some finite bound, Kf , and
• φ(q) is the Euler totient function
the R-F coefficients, aq and bq , are bounded by:
|aqφ(q)| ≤ Kf and |bqφ(q)| ≤ Kg
Then
(11) lim
N→∞
1
N
N∑
n=1
f(n)g(n±m)
is Abel summable to:
∞∑
q=1
aqbqcq(m)
Proof. For any fixed z in the open interval 0 < z < 1 the two Ramanujan expansion
power series of f(n) and g(n) are given by:
(12) f(z, n) =
∞∑
q=1
aqz
qcq(n) and g(z, n) =
∞∑
q=1
bqz
qcq(n)
By hypothesis, both f(n) and g(n) converge, thus, by Abel’s Theorem, as the value
of z pushes up to 1 the Ramanujan expansion power series of (12) converge to:
(13) lim
z→1−
f(z, n) = f(n) and lim
z→1−
g(z, n) = g(n)
Since, by hypothesis, the Ramanujan expansion power series meet the require-
ments of Corollary 7 there exist two constants, Q1 and Q2, such that:
(14) |f(z, n)− fQ1(z, n)| < ǫ and |g(z, n±m)− gQ2(z, n±m)| < ǫ
Selecting Qǫ as max (Q1, Q2) yields:
(15) |f(z, n)− fQǫ(z, n)| < ǫ and |g(z, n±m)− gQǫ(z, n±m)| < ǫ
The 2 inequalities in (15) can be stated as:
fQǫ(z, n)− ǫ ≤f(z, n) ≤ fQǫ(z, n) + ǫ(16a)
gQǫ(z, n±m)− ǫ ≤g(z, n±m) ≤ gQǫ(z, n±m) + ǫ(16b)
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Beginning with the R-F expansions of f(z, n) and g(z, n±m), the convolution
of f(z, n) and g(z, n±m) is given by:
(17)
lim
N→∞
1
N
N∑
n=1
f(z, n)g(z, n±m) = lim
N→∞
1
N
N∑
n=1
[
∞∑
q1=1
aq1z
q1cq1(n)
∞∑
q2=1
bq2z
q2cq2(n±m)
]
Applying the right hand sides of the inequalities (16a) and (16b) to (17) yields:
(18)
lim
N→∞
1
N
N∑
n=1
f(z, n)g(z, n±m) ≤ lim
N→∞
1
N
N∑
n=1
[
ǫ+
Qǫ∑
q1=1
aq1z
q1cq1(n)
] [
ǫ+
Qǫ∑
q2=1
bq2z
q2cq2(n±m)
]
(19)
lim
N→∞
1
N
N∑
n=1
f(z, n)g(z, n±m) ≤ lim
N→∞
1
N
N∑
n=1
[
Qǫ∑
q1=1
aq1z
q1cq1(n)
Qǫ∑
q2=1
bq2z
q2cq2(n±m)
]
+ lim
N→∞
1
N
N∑
n=1
[
ǫ
Qǫ∑
q1=1
aq1z
q1cq1(n)
]
+ lim
N→∞
1
N
N∑
n=1
[
ǫ
Qǫ∑
q2=1
bq2z
q2cq2(n±m)
]
+ lim
N→∞
1
N
N∑
n=1
[
ǫ2
]
(20)
lim
N→∞
1
N
N∑
n=1
f(z, n)g(z, n±m) ≤
Qǫ∑
q1=1
Qǫ∑
q2=1
aq1bq2z
q1zq2
[
lim
N→∞
1
N
N∑
n=1
cq1(n)cq2 (n±m)
]
+ ǫ
Qǫ∑
q1=1
aq1z
q1
[
lim
N→∞
1
N
N∑
n=1
cq1(n)
]
+ ǫ
Qǫ∑
q2=1
bq2z
q2
[
lim
N→∞
1
N
N∑
n=1
cq2(n±m)
]
+ ǫ2
[
lim
N→∞
1
N
N∑
n=1
1
]
Applying the limit process, N → ∞ and using the properties: d, f, and g of
cq(n) listed in the introduction, equation (20) becomes:
(21)
lim
N→∞
1
N
N∑
n=1
f(z, n)g(z, n±m) ≤
Qǫ∑
q=1
aqbqz
2qcq(m)
+ ǫ
[
a1z
1
]
+ ǫ
[
b1z
1
]
+ ǫ2
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(22)
lim
N→∞
1
N
N∑
n=1
f(z, n)g(z, n±m) ≤
Qǫ∑
q=1
aqbqz
2qcq(m)
+ ǫ |a1|
+ ǫ
∣∣b1∣∣
+ ǫ2
Thus, the upper bound is given by:
(23) lim
N→∞
1
N
N∑
n=1
f(z, n)g(z, n±m) ≤
(
Qǫ∑
q=1
aqbqz
2qcq(m)
)
+ ǫ
(
|a1|+
∣∣b1∣∣)+ ǫ2
Applying the left hand sides of the inequalities from (16a) and (16b) to (17) and
using similar reasoning, it can be shown that the lower bound is given by:
(24) lim
N→∞
1
N
N∑
n=1
f(z, n)g(z, n±m) ≥
(
Qǫ∑
q=1
aqbqz
2qcq(m)
)
− ǫ
(
|a1|+
∣∣b1∣∣)+ ǫ2
Combining the upper and lower bounds of (23) and (24) yields:
(25)(
Qǫ∑
q=1
aqbqz
2qcq(m)
)
− ǫ
(
|a1|+
∣∣b1∣∣)+ ǫ2 ≤ lim
N→∞
1
N
N∑
n=1
f(z, n)g(z, n±m)
≤
(
Qǫ∑
q=1
aqbqz
2qcq(m)
)
+ ǫ
(
|a1|+
∣∣b1∣∣)+ ǫ2
(26)
ǫ2 − ǫ
(
|a1|+
∣∣b1∣∣) ≤ lim
N→∞
1
N
N∑
n=1
f(z, n)g(z, n±m)−
(
Qǫ∑
q=1
aqbqz
2qcq(m)
)
≤ ǫ2 + ǫ
(
|a1|+
∣∣b1∣∣)
Due to the point-wise convergence of the R-F expansions for f(n) and g(n), both
a1 and b1 are necessarily finite. The value of ǫ can be choose to arbitrarily small.
Thus, by selecting a value of ǫ such that
ǫ =
{
0 < ǫ ≤ 1 a1 = b1 = 0
0 < ǫ ≤
(
|a1|+
∣∣b1∣∣) otherwise
equation (26) becomes:
(27)
0 ≤
∣∣∣∣∣ limN→∞ 1N
N∑
n=1
f(z, n)g(z, n±m)−
(
Qǫ∑
q=1
aqbqz
2qcq(m)
)∣∣∣∣∣ ≤ ǫ2 + ǫ (|a1|+ ∣∣b1∣∣)
Applying the squeeze theorem to (27) yields:
(28) lim
Qǫ→∞
ǫ→0
∣∣∣∣∣ limN→∞ 1N
N∑
n=1
f(z, n)g(z, n±m)−
Qǫ∑
q=1
aqbqz
2qcq(m)
∣∣∣∣∣ = 0
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which can be restated as:
(29) lim
N→∞
1
N
N∑
n=1
f(z, n)g(z, n±m) =
∞∑
q=1
aqbqz
2qcq(m)
Letting z push up to 1 in equation (29) yields:
(30)
lim
z→1−
lim
N→∞
1
N
N∑
n=1
f(z, n)g(z, n±m) = lim
z→1−
∞∑
q=1
aqbqz
2qcq(m)
lim
N→∞
1
N
N∑
n=1
f(n)g(n±m)→
∞∑
q=1
aqbqcq(m)
Thus:
lim
N→∞
1
N
N∑
n=1
f(n)g(n±m)
is Abel summable to:
∞∑
q=1
aqbqcq(m)

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4. Applicability of Theorem 8 to the work of Gadiyar and Padma
The arithmetic function used by Gadiyar and Padma in both [4] and [5] is:
(31)
φ(n)
n
Λ (n) =
∞∑
q=1
µ(q)
φ(q)
cq(n)
From this aq =
µ(q)
φ(q) and
|aqcq(x)| =
∣∣∣∣µ(q)φ(q) cq(x)
∣∣∣∣
≤
∣∣∣∣µ(q)φ(q)
∣∣∣∣ |cq(x)|
≤
1
φ(q)
φ(q)
≤ 1
Thus, Theorem 8 applies to the auto-correlation of the arithmetic function:
(32)
φ(n)
n
Λ (n)
For paper [4] on the prime pair conjecture and, a fortiori, on the twin prime
conjecture,
(33) lim
N→∞
N∑
n=1
(
φ(n)Λ (n)
n
)(
φ(n+ h)Λ (n+ h)
n+ h
)
is Abel summable to C (h) which is defined in [4] by equation 7 as:
(34)
∞∑
q=1
µ2(q)
φ2(q)
cq (h) = C (h)
=


2
∏
p|h
p>2
(
p−1
p−2
) ∏
p>2
(
1− 1
(p−1)2
)
h is even
0 h is odd
Similarly, for paper [5] on Sophie German primes,
(35) lim
N→∞
Φ(a,b,ℓ) (N)
N
is Abel-summable to the expression S defined in equation 16 of [5]
(36)
S =


2C
a
∏
p>2
p|(abℓ)
(
p−1
p−2
)
if (a, b) = (a, ℓ) = (b, ℓ) = 1 exactly one of a, b, ℓ is even
0 otherwise
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5. Conclusions
The problem with proving the strong form of the Wiener-Khinchin theorem,
equation (2), is two fold.
The first is the question:
Does the limit
(37) lim
N→∞
1
N
N∑
n=1
f (n) f (n±m)
exist or not?
The second is the question:
If the limit in (37) exists, then what is the value of that limit?
Theorem 8 answers the second question, but not the first. If the limit in (37)
exists, then the value of that limit is
∞∑
q=1
‖aq‖
2
cq(m)
With the value of the limit established, the task at hand is for the author to
prove
(38) lim
N→∞
1
N
N∑
n=1
[
φ (n) Λ (n)
n
] [
φ (n+ h) Λ (n+ h)
n+ h
]
converges to some finite limit. If a finite limit to (38) exists, then the results
developed in [4], [5], [6], and [7], are proved.
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